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Abstract

In this paper, a deterministic mathematical model for the dynamics and progression of the co-infection of
hepatitis B virus (HBV) and hepatitis delta virus (HDV) in humans is formulated. The model considers
the dynamics of infection with HBV, superinfection with HDV, treatments, liver transplantation, and
recovery. Qualitative properties of the model, including boundedness, positivity of the solution , and
basic reproduction number, are investigated. Further, the local and global stability of the model is
analyzed. Sensitivity analysis is carried out to know the key parameters that determine the dynamics
of the disease, especially the co-infection rate and the efficiency of treatment and liver transplantation.
Numerical simulations will be performed using Runge-Kutta and nonstandard finite difference methods.

Keywords: Liver Transplantation; Mathematical modeling; HBV/HDV Model; Transmission dynamics;
Basic Reproductive Number.

1. Introduction

Hepatitis B Virus and Hepatitis D Virus impose substantial global health burdens, with HBV affecting
nearly 296 million people worldwide as of 2019 and answerable for upwards of 820,000 expiries per
annum, primarily due to cirrhosis and hepatocellular carcinoma (HCC) [36l]. HDV is a defective RNA
virus that needs the existence of HBV to replicate, as it develops the HBV surface antigen (HBsAg) for
viral assembly and infection of hepatocytes [20]. HDV co-infection leads to more severe liver disease and
rapid development to cirrhosis and HCC compared to HBV mono-infection. [17]. Hepatitis refers to liver
inflammation and is also called cluster of viral infections that upset the liver, with the most ordinary sorts
being hepatitis A, B, and C. Several deadly infectious diseases influence global populations, including
hepatitis B [[14]. Formerly referred as serum hepatitis, hepatitis B is a severe liver viral illness, caused
by the HBV. The virus definitely targets liver cells known as "hepatocytes," leading to inflammation [42].
Hepatitis B is a major public health concern in both advanced and developing nations. Often called the
"silent killer" of the liver, hepatitis B can be asymptomatic for many persons [28]. The virus is spread
primarily through contact with infected blood or bodily liquids, containing perinatal transmission, unsafe
injections, and sexual contact [35]. Although many individuals with hepatitis B cannot reveal signs in the
primary phases of infection, specific may experience sudden signs especially, vomiting, yellowing of the
skin (jaundice), fatigue, dark urine, and abdominal pain [14]. Once the virus enter the body, it infects
hepatocytes in the liver [2].

Transmission of HDV occurs primarily through percutaneous or mucosal exposure to infectious blood
or body fluids, sharing common roots with HBV such as sexual contact, intravenous drug use, and vertical
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transmission from mother to child [S)]. Notably, HDV infection cannot occur without HBV infection, and
thus HDV spreads mostly in residents where HBV is endemic or among high-risk groups with ongoing
HBYV transmission [[18]]. Generally HDV co-infection contains about 18% of cirrhosis and 20% of HBV-
related HCC, which showing its severe medical effect [34]. Clinically, HDV infection can be considered
as HBV/HDV co-infection or HDV super infection in chronic HBV moves. The second is associated with
chronic HDV persistence and consequently more aggressive liver disease, leading to faster progression
to cirrhosis and high threat of HCC [40]. These types of patients have limited facilities of treatment and
diagnosis. Presently, the only therapy for HDV is pegylated interferon—, which has limited competence
efficacy and a high decline rate, with nonstop virological reaction attained in less than 30% cured patients
[30]. New antiviral agents such as bulevirtide, an entry inhibitor approved in Europe, are helpful in
reducing viral burden but long-term cure remains subtle [19]. Liver transplantation as last hope of life, is
the perfect treatment for end-stage liver disease due to HBV/HDV co-infection[9]. While transplantation
significantly develops survival and quality of life, it is limited by donor availability, high costs, and the risk
of post-transplant viral reactivation[[15)]. The first fruitful Liver Transplantation (LT) was carried out by
Dr. Thomas Starzl in 1967, with LT being permitted for general use following a congressional hearing in
1983 [132]. Today, LT is widely used as a life-saving technique for various conditions, such as chronic liver
illness, hepatocellular carcinoma, and acute liver failure [33]. In 2021, there were 34,694 LTs performed
worldwide, demonstrating a 6.5 % increase from 2020 and a 20 percent increase compared to 2015 [33]].

The development of mathematical models for the coinfection of hepatitis B virus (HBV) with hepatitis
D virus (HDV) has progressed parallel to developments in virology and infectious disease science. Since
the identification of the hepatitis D virus by Mario Rizzetto in 1977, it has been recognized that hepatitis
D virus is a defective virus that requires hepatitis B virus surface antigen for replication, leading to a
special type of interaction between the two viruses [43]. Mathematical studies have initially considered
the case of HBV alone, where models have been based on systems of ordinary differential equations
to represent interactions between uninfected cells, infected hepatocytes, and viral particles [44]. One
of the initial steps towards the modeling of coinfection was undertaken by de Sousa and Cunha, who
presented one of the earliest within-host models that includes HBV and HDV dynamics, along with their
dependence relationship and the role of treatments [45]. Later studies have involved more sophisticated
compartmental models that consider coinfected compartments, nonlinear incidence, and proliferation
of infected cells [7, 46l]. Mathematical modeling provides valuable information and has a significant
influence on our understanding of the transmission dynamics and treatment effects on HBV-HDV co-
infection. Mathematical models published before have demonstrated the viral kinetics under the effect
of therapy [41]; however, models that consider the transmission, treatment, and transplantation of the
infected liver from the perspective of the population remain scarce. The nonlinear mathematical model
was applied by Mamo et al. to investigate the dynamics of HBV-HDV co-infection, the stability of
the disease-free equilibrium, and vaccination as a vital intervention measure in controlling the spread of
HBV-HDV infection [29]. A number of mathematical models describing the dynamics of the infection
have been proposed earlier. Specifically, Aja et al. developed a deterministic model of co-infection with
consideration of public health measures like awareness, vaccination, and treatment [4]. Additionally,
several clinical and epidemiological studies shed light on the mechanisms of interactions between HBV
and HDV [8| 34]]. As a result, modern mathematical models of HBV-HDYV co-infection contain several
infectious compartments, different scenarios of treatment, and various stages of the disease.

In spite of the extensive literature on mathematical modeling of the dynamics of HBV and HDV
infections, there are still several significant deficiencies in the current models. The first major deficiency
concerns the concerns the absence of liver transplantation in most models, although it is a key factor
in the treatment of advanced stage liver disease associated with HBV-HDV coinfection. Another major
deficiency is the lack of consideration for nonlinear interaction between the mono-infected and coinfected



compartments, which is necessary to take into account the synergism and competition of both viruses.
Moreover, coinfection and superinfection scenarios are often not distinguished in existing models, although
they have completely different clinical and epidemiological meanings. Furthermore, most of the preceding
models are concerned with either viral dynamics inside a host or population dynamics of infection transmission,
yet the aspects of treatments, disease progression, and other intervention strategies are often not included.
As such, treatment, recovery, and progression to the stages of severe liver disease that would warrant
transplantation have not been sufficiently analyzed mathematically. In order to remedy the shortcomings
of existing literature, a deterministic compartmental model, expressed as system (IJ), is introduced to
incorporate treatment, liver transplantations, and recovery, as well as nonlinear transmissions among the
infected groups. This more sophisticated model would provide a better insight into the dynamics of the
disease and its possible control.

The rest of the paper is organized as follows: Section [2] discuss the model formulation. Section [3]
presents the feasibility region. Further, Eequilibria and the basic reproduction number are caculated in
Sections [ and [5] respectively. In Sections stability analysis is carried out. Section [§]is devoted to
the sensitivity analysis, while numerical simulations and results are given in Sections OHI0l Section [I1]
summarizes he study with public health implications.

2. Model Formulation

To better understand the transmission and progression dynamics of Hepatitis B virus and Hepatitis
D virus co-infection, we propose a deterministic compartmental model in this article that describes the
transmission dynamics of both infections. The total population is classified into six distinct and mutually
exclusive classes: susceptible persons (), entities infected with HBV only (Ip),persons co-infected with
HBYV and HDV (Ipp), persons undergoing treatment (7°), entities awaiting liver transplant (L), and recovered
individuals (R). Susceptible entities are recruited into the people at a constant rate A and may become
infected with HBV through contact with either HB V-infected (/) or co-infected (Ipp) entities at a transmiss-
ion rate f3;. Furthermore, HDV transmission arises only in the presence of HBYV, so susceptible entities
can also gain co-infection directly from contact with co-infected persons at a separate rate 3. Recovered
persons may lose immunity and return to the susceptible class at rate 0, while all individuals are subject
to natural death at rate .

HBV-infected individuals (/p) may progress to HDV co-infection through contact with co-infected
individuals at a revised rate hf3,, initiate treatment at rate 6y, recover at rate Y, develop severe difficulties
leading to liver transplant candidacy at rate @, or decease due to HB V-related causes at rate 11, in addition
to natural death. Persons in the co-infected class (Ipp) are infected with both HBV and HDV and may
begin treatment at rate 6,, progress to liver complications demanding transplant at rate p, or expire due
to co-infection-related causes at rate ,, again with natural death included. Treated individuals (7') are
those getting antiviral or supportive therapy, and may recover at rate &, be moved to the liver transplant
waiting list at rate 7, or die naturally. The liver transplant class (L) contains entities in need of or awaiting
transplantation, which may result from co-infection (Igp), treatment failure (7"), or HBV-induced liver
failure (Ip), with transitions occurring at rates p, 7, and @, respectively. Transplant patients may recover
at rate o or die indeed. Recovered persons (R) arise from the treatment, liver transplant, or direct recovery
from infection, and leaving the system only through natural death.

The graphic diagram is displayed in fig. (I). Upon the transmission dynamics, we suggest the
subsequent setup of ordinary differential equations.

Figure 1: The liver transplantation and HBV-HDV Model (1) flow diagram.
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As initially: S(t) >0, Ip(t) >0, Igp(t)>0, T(t)>0, L(t)>0, and R(z)>0.
In the next section, we will find non-negativity, the boundedness and the feasible region Q.

3. Basic properties of the model
We analyze the non-negativity of the solution, the boundedness and the feasible region €.
3.1. Positivity of Solutions
Lemma 3.1. Let the initial conditions of system (1) be non-negative, i.e., S(0) > 0, Ig(0) > 0, Igp(0) >0,

T(0) >0, L(0) > 0 and R(0) > 0. Then the solutions S(t), Ig(t), Ipp(t), T(t), L(t) and R(t) remain
non-negative for all t > 0.

Proof. We prove the non-negativity of each state variable using standard comparison theorems and the
structure of the differential equations in system (). Starting with the susceptible class:

ds
= = A= BiS(Is+1Isp) = PSIsp — 1.

Ignoring the positive terms A, we get:

ds
% > —(Bi(Ip+1pp) + Polpp + 11)S.

This gives the differential inequality:

das
Z > —§(t)S, where 5(1‘) = ﬁl(IB—FIBD) —I—ﬁzIBD—F,u > 0.

Integrating both sides:
t
S(1) > S(0)exp <— / E(s) ds) >0,
0
>0a

In similar we can have: I3(0) > 0, Igp(0) >0, T(0) > 0, L(0) nd R(0) >0
Hence, all state variables remain non-negative for all # > 0. ]

Next, we will derive the boundness of the system variables.



3.2. Boundedness of Solutions
Lemma 3.2. The set Q — {(S,IB,IBD,T,L,R) ERS :0<S,Ig, Igp, T, L,R<N, N(t) < g} a positive
invariant and an attracting set for the model (1.

Proof. Adding the equations from model (), we get

%/:A—u(S+IB+IBD+T+L+R)—ullg—uleD« 2
Simplify the equation we get
dN
7 A—UN(t) — puilp — tolpp < A—uN(t),
this implies that
d]jift) <A—uN(1),

utilizing the Comparison Principle Theorem [27], we obtain
e A —ur
N(t) <N(0)e +E(1 —e M),

Hence, lim; e SUpN(1) < %
Thus, we have shown that the solutions of the model (I)) eventually are bounded.
So, the biologically feasible region of the model (I)) is given by the following set:

Q= {(S’IB,IBD’T’L’R) € R?’ :0 S S? IBalBDa T7 LaR SNa N(t) S I-Al} O]

The following section will discuss the points of equilibria of the model.

4. Disease-Free and Endemic Equilibrium Points

The model described by system (|1)) admits two biologically meaningful equilibrium points: the disease-
free equilibrium (DFE) and the endemic equilibrium (EE).

4.1. Disease-Free Equilibrium

The disease-free equilibrium corresponds to the absence of infection in the population, that is,
p=1,=T1"=1"=R"=0.
Substituting these values into system (I]) and setting the derivatives equal to zero yields the DFE
Fy= (8%,13,13,,7°,L°,R°) = (% 0,0, 0,0, o>. 3)
4.2. Endemic Equilibrium

The endemic equilibrium represents the persistent presence of the disease in the population and is
denoted by F* = (S*,I;,15,,T*,L*,R*), where all components are positive and satisfy the following



system:
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The next section will find out the basic reproduction number of model (TJ.

5. Basic Reproductive Number

We evaluate the basic reproduction number by the next generation method as described in 37, 31} 138]],
for this we separate the new infected classes Ig, Ipp of the model (I). Directing solely on the new infectious
terms, and using the notation from model (I)), the matrices representing the infection terms, F' and the
transfer terms, V are defined. The right-hand sides of the equations, denoted by the matrix F for the
infection terms and the matrix V for the rest of transfer terms, are given by:

F— <ﬁ150(13 -HBD)) v ((}’4— 0, +0)—|—,u+.ul)IB>
B2S°Ipp ’ (+p+u+w)ep )

In accordance with the method of next generation matrix for deriving the basic reproduction number of
new infected sections /p and Ipp, the infection matrix and transition matrix are F* and V* respectively.
Upon DFE point Fy, we have:

o (BSY BSY o (vtoito+tutm 0
L0 Bs) B 0 h+p+tut+in)
1 0 SO B SO B
pel_ | YHotot+tutm pryel | YOOt ptpt 0+
0 ! ’ 0 S° B
ptp+6+i L+p+ 6+

Furthermore, the matrices F' and V fulfill the criteria outlined in [21]]’s predictions (A1) — (A5). By using
the next generation matrix computing the spectral range of FV !, we can determine the basic reproduction
number Ry, where py =y+ U+ 0+ 01+ U and pp = u+p+ 6, + y.

LAY

Ry = max { ,
P1 P2



by putting the value of S°, we have Ry = max { Ay A—ﬁZ} = max {Rog, Rosp }

upr’  uUp2
ABy AP
Ry = —B+—ﬁ = Rop + Roap- )
upr  uUpz
Where Rop = 2—5: and Ropp = fl—gi

3D Graphs of Basic Reproduction Number R

Figure 2: Graphical representation of Ry with effect of various parameters.
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Figure 3: Comparison of Latin Hypercube Sampling results.

The results in Figure [2| shows that R\ rises noticeably with higher transmission rates 3; and fs,
demonstrating that stronger transmission mechanisms substantially improve disease spread. In contrast,
higher values of the recovery rate y and the natural mortality rate u decrease Ry, underlining their role
in slowing down infection dynamics. The progression rate 6; exerts a mild positive impact on Ry,
while the disease-induced mortality u; leads to its decline. Furthermore, increases in the reinfection-
related parameters p and 6, result in greater values of Ry, suggesting that reinfection and advanced-stage
transitions strengthen transmission. Figures [3a] and [3b] grants the sensitivity analysis of the HBV model
parameters on the basic reproduction number R using Latin Hypercube Sampling (LHS). The scatter
plots validate how variations in parameters such as A, u, B, v, 61, @, U, B2, p, 62, and Y impact R.
Among these, 1 appears to have a more pronounced inverse relationship with Ry, signifying its stronger
regulatory role in infection spread. The histogram of the R distribution tells that the majority of values are
concentrated in the lower range, representing that, under typical parameter deviations, the system generally
leftovers in a stable or controlled infection state. This conclusion highlights the inherent robustness of the
HBYV model and recommends that only substantial changes in perilous parameters can expressively alter
the course of disease dynamics

In the following section we will discuss the local and global stability of the DFE points.

6. Local and Global Stability of the Disease-Free Equilibrium point

6.1. The Local Stability of Disease-Free Equilibrium point

This section will focus on examining the local stability of the DFE point Fy.



Theorem 6.1. For model (1)) the disease-free equilibrium (DFE) Fy is locally asymptotically stable within
the feasible region Q when Ry < 1.

Proof. Using model (1), we have the Jacobian matrix as:

m “BiS  —(Bi+p2)S 0 0 0
Bi(Ilp+1Igp) my  P1S—hPap 0 0 0
J— B21sp hB21pp m3 0 0 0
0 0, 6 —(OC + T+ ,LL) 0 0 ’
0 ® p T —(o+un) 0
0 Y 0 a (o] —u

where m; = _BI(IB+IBD) —ﬁzIBD—‘u, my = BIS—hBQIBD— (’}/-I— 0, +a)+,u+u1) and m3 =
BoS+hBolp— (62 +p+ U+ o).
For the disease-free equilibrium the Jacobian at Fj is

—u —BiS®  —(Bi+B)S° 0 0 0
0 Bis’—p 0 0 0 0
J(F) 0 0 BSY — po 0 0 0
0 01 &) —(o+714+ 1) 0 0
0 ® p T —(o+u) O
0 Y 0 o o —u

The eigenvalue of the Jacobian matrix can be determine by solving, |J(Fy) — AI| = 0.
M=—p a=—(a+T+U),As=—(0+ M), ke = —LL.
If Ry < 1 then Ryg < land Ropp < 1, so

Ao =PBiS°—p1=pi (Rop—1) <0, whenRp <1,
Az = ﬁzSO —pr=p2 (ROBD — 1) <0, whenRypp < 1.

Then all eigenvalues are negative, according to Routh—Hurwitz criteria [12]], the disease-free equilibrium
Fy is locally asymptotically stable when Ry < 1 [22)[13]]. U

Theorem 6.2. Consider system with DFE Fy = (%,0,0,0,0,0). Assume that all model parameters

are positive and let Q be the positively invariant feasible region defined in Section 3]
Suppose that:

(H1) The subsystem obtained from system (1)) by setting Ig = Igp = 0 admits a unique equilibrium
Xo = <ﬁ, 0,0,0) which is globally asymptotically stable in Q.

Then, if the basic reproduction number R (defined in Section 5)) satisfies Ry < 1, the DFE Fy is globally
asymptotically stable in Q.

Proof. We follow here the method of Castillo-Chavez global stability [10] and decompose the state
variables into uninfected and infected classes. Let

X =(S,T,L,R), Z=IpIpp).



Then system (T]) can be written in the form X = F(X,Z), Z=G(X,Z), where G(X,0) =0 forall X € Q.
Verification of (H1). Setting Z = 0 reduces the system to

S=A—us,
T=—(a+7+u)T,
L=—(c+p)L,
R=—LUR.

This linear autonomous system admits the unique equilibrium Xy = (%, 0,0, O) , which is globally asymptotically

stable in Q2. Hence condition (H1) holds.

Stability of the infected subsystem: From the definition of Ry in Section [5] we know that Ry =
p(FV~1), where F and V are the transmission and transition matrices of the infected subsystem evaluated
at Fy.

If Ry < 1, then all eigenvalues of the matrix F' —V have negative real parts. Since F —V is a Metzler
matrix, the linear system
Z=(F-V)Z

is globally asymptotically stable at Z = 0.
Moreover, the nonlinear terms in the infected subsystem are nonpositive, so that

Z<(F-V)Z.
By the comparison principle for cooperative systems, lim;_,.. Z(t) = 0, that is,

lim I5(t) = 0, lim Ipp(t) =0, whenever Ry < 1.

t—o0 t—roo

Since condition (H1) is satisfied and the infected subsystem converges to zero whenever Ry < 1, all the
hypotheses of the Castillo-Chdvez and Song theorem [10] are fulfilled. Thus, the disease—free equilibrium
Fy is globally asymptotically stable in Q whenever Ry < 1. [

In the following section we will discussed the local stability of endemic equilibrium.

7. Local and Global Stability of the Endemic Equilibrium

In this section, we have discussed the local and global stability of the endemic equilibrium point F* of
model (I)). In section[7.1] we shall discuss the Local Stability of the Endemic Equilibrium.

7.1. Local Stability of the Endemic Equilibrium

The local stability of the endemic equilibrium is established indirectly through a bifurcation analysis
at the disease-free equilibrium using the center manifold theory of Castillo-Chavez and Song (2004) [10].

Theorem 7.1 (Castillo-Chavez and Song (2004)). Consider the epidemiological model ‘é—f =f(x,B1), x=
(S,1p,Ip,T,L,R)T, where f € C*(R® x R) and P is the bifurcation parameter. Let Fy be the disease-free
equilibrium of the system, and let J = D, f(Fy, B;)

be the Jacobian matrix of the system evaluated at Fy, where By = B; corresponds to Rop = 1.

Assume that the following conditions hold:

1. The Jacobian matrix J has a simple zero eigenvalue, and all other eigenvalues have negative real
parts.



2. There exist right and left eigenvectors w and v of J associated with the zero eigenvalue such that
Jw=0, v = 0,
with normalization v-w = 1, where w is nonnegative.

Let fi(x,B1) denote the k-th component of f(x,B1). Define the bifurcation coefficients

9> fi(Eo, By) 9 fi(Eo, BY)
kaszwJ i, ¢ = ka A ToeT R
oy
Then the following results hold:

1. If 91 <0 and ¢y > 0, the disease-free equilibrium Ey undergoes a forward (supercritical) bifurcation
at Rop = 1. Consequently, a unique positive endemic equilibrium exists for Ryp > 1, and it is locally
asymptotically stable.

2. If ¢y > 0 and ¢ > 0, the system undergoes a backward (subcritical) bifurcation at Rop = 1, and a
locally asymptotically stable endemic equilibrium may exist even when Rop < 1.

7.2. Bifurcation Analysis

To investigate the local dynamics of the model near DFE and, in specific, to characterize the emergence
and local stability of an endemic equilibrium, we apply the center manifold method developed by Castillo—
Chavez and Song [10]. The local dynamics near the Disease-Free Equilibrium can be characterized
via the center manifold theory [16l], reducing the system to the center manifold related with the zero
eigenvalue. The bifurcation coefficients a and b then conclude the type of bifurcation and local stability
of the endemic equilibrium. Our investigation is carried out in a neighborhood of the critical transmission
rate B; = B}, corresponding to the threshold condition Ry = 1. At the mentioned critical value, the
disease free equilibrium loses hyperbolicity, and the system may admit a branch of endemic equilibria. By
explicitly calculating the right and left eigenvectors associated with the zero eigenvalue and computing the
relevant bifurcation coefficients, we decide whether an endemic equilibrium bifurcates from the disease—
free equilibrium and establish its local asymptotic stability for transmission rates exceeding the threshold
Br.

We consider the system |1} let the disease-free equilibrium be Fy and choose ¢ = B; as the bifurcation
parameter.

Computation Right and left eigenvector w:
At Rop = 1, the Jacobian J (Fy; By ) has a simple zero eigenvalue. Let right eigenvector w = (wy,w», W3)T
correspond to the zero eigenvalue of the Jacobian restricted to (S, g, Igp). Then

—puwy — B Sow2 — (B] + B2)Sows =0,
J(Foyw=0 — BI*S()W3 =0,

0=0.
From the second equation, we get w3z = 0.
Substituting wz = 0 into the first equation gives wy = _B lu S0 ws.

10



Thus, the right eigenvector is

_Bi'So

w=(

wWo, Wy, 0), wy > 0.

Let v = (v1,v7,v3) the left eigenvector corresponding to the zero eigenvalue. Solve

T —uvy =0 = v =0,
v J(Fy) =0
—(B{ + B2)Sovi + B Sova + (B2So — p2)v3 = 0.
Plugging v; = 0 gives =P S0
gging vi g 3 —PBSo V20 V2 .
Hence the left eigenvector is
BiSo
v=(0,vp, ————wm), >0
( p2—B250 )

For the full system, only infected compartments contribute to new infections, so
Vi :V4:V5:V6:O.
Similarly, the right eigenvector satisfies wy, w3 > 0, w; < 0.

Computation of Nonzero second derivatives
The nonlinear terms in the model are

fo=Bi1S(Ip+1pp) — hPBolplpp — p1lg, f3 = BaSIpp + hPB2Iplsp — p2lpp.

The nonzero second derivatives at Fy are

02 22 0?2 2?2 02
/2 = i, f2 = Bi, —fzz—h[b, /3 = B, —hzhﬁz-
0Sdlp dSdlgp 01dIpp dSdIgp 01dIpp
All other second derivatives are zero.
Computation of ¢:
By definition, 1 =Yk vkwiwj%g}o).

Only f> and f3 contribute:

o1 = va (wiw2Bi +wiwsfi —wawshBa) +v3(wiws B +wawshf)
= v2(ﬁ1W1W2 + 51W1W3 — hﬁ2W2W3) +v3 (ﬁ2W1W3 + hﬁszWg,).

Since w; < 0 and wyp,w3,v2,v3 > 0, we have ¢; < 0.

Computation of ¢,:
2
By definition,  ¢» = Yy ;viw J aj?;gg;o)-
Only f> depends on ;. At Fy,

azfz 0 92f2 SO azfz

oIgoP, ' dlgpdf; ' 9SIP,

11



Thus, ¢ = vo(w2S? +w38%) = v28%(wy +w3) > 0.

Since 01 <0 and ¢, >0, Hence, by Theorem [10], the disease-free equilibrium Fy loses
stability as Rop crosses unity from below and a unique positive endemic equilibrium emerges. Therefore,
the model undergoes a forward (supercritical) bifurcation at Ry = 1, and the endemic equilibrium is
locally asymptotically stable for Rog > 1, and theorem [7.1] proved.

7.3. Global Stability at the Endemic Equilibrium

In this section, we investigate the global asymptotic stability of the endemic equilibrium point F* of
model (T

Theorem 7.2. For model (1)), if Ry > 1, then the endemic equilibrium point F* is globally asymptotically
stable in the feasible region Q.

Proof. To establish the global stability of the endemic equilibrium F*, we define the Lyapunov function
G [25] as

€= % [(S—S*)+ (Ig —I3) + (Isp — Lip) + (T = T*) + (L~ L") + (R—R")]*. ©

Clearly, G > 0 for all (S,1p,Igp,T,L,R) € Q, and
G=0 ifandonlyif (S,Ip,Ipp,T,L,R)= (8" 15, I5p, T",L",R").

Hence, G is positive definite with respect to the endemic equilibrium F*. Since N(r) = S(¢) + Ip(t) +
Igp(t)+T(t)+L(t)+R(t), and N*(t) = S*(t) + I3(t) + Izp(t) + T*(¢t) + L*(t) + R*(1),
Differentiating G along the trajectories of system (T]) yields

dG dN
= (N=N*)=—.
il Var

Summing all the equations of system (I)), we obtain

dN
ar =A—UN — pIgp— tolpp < A—UN.

Therefore,

dG

2
2 < v-n)a-wn) = (V-2 <o

Thus, ‘2—? is negative semi-definite. Moreover, [fi_? =0 if and only if N = N*. The largest invariant set
contained in {(S,Ip,Igp,T,L,R) € Q: ‘2—? = 0} is the singleton set {F*}. Hence, by LaSalle’s invariance
principle [26], every solution of model (1)) with initial conditions in £ approaches the endemic equilibrium
point F* as t — co. Consequently, the endemic equilibrium F* is globally asymptotically stable in Q
whenever Ry > 1 [[13]]. ]

In the next section, we examine the sensitivity analysis of the model parameters.

8. Sensitivity Analysis

In this section, we calculate the sensitivity of the basic reproduction number Ry with respect to
the model parameters, as understanding this sensitivity is decisive for recognizing the factors that most
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powerfully influence the transmission and control of Hepatitis B Virus (HBV) [23]. Sensitivity study
classifies the parameters that utilize the maximum influence on disease dynamics [1]], thereby serving in
the system of extra effective intervention strategies. As a consequence, we communicate about a sensitivity
analysis of the vital parameters in the HBV model (1) to predict its effect on simple Ry. The standardized
forward sensitivity indices are calculated following the approach offered by Chitnis et al. [[11]], wherever
the sensitivity index of Ry with respect to a parameter r is defined as:

ZR = 20 L 7
r 3 = Ry’ (7
where r € {A7 Bl: BZ; u,v, o, 917 Ui, p, 627 ‘le} )
Here we evaluate[7|for each parameter in
zZR =1 gho_ _ Pi;2
A P papi+ Bapi
R Bepi o _ | M ABip1+ABin | ABapr+ABou
B B Ry 2,2 T 2,2
1B+ Bipa 0 W py 1=p3
A o A
Zﬁo__l.ﬁ Zio— @ AP
P1 Rou pP1 Rop
ZRO__ﬂ.A_B1 ZRO__ﬂ.A_ﬁl
o P1 Rou 2 1 Rou
st _P AP Ro__ % AR
P P2 Rou % P2 Rou
R — _H2 AB
2y Rou’

To certify our theoretical findings, we made numerical simulations using the 4th-order Runge-Kutta
method. The parameter values employed in the simulations are given in Table [T} primarily drawn from
available literature, containing reports by the World Health Organization and other epidemiological studies.
The PRCCs corresponding to these parameters in relation to Ry are publicized in Figure 2l As shown in
Figure []that our conclusions identify that the parameters A, f31, and B, are positively correlated with Ry,
while v, u, Ui, Uz, 61, 62, @, and p display a negative correlation. Besides, B;, B>, 01, and 6, are the
most sensitive parameters with respect to Ry. Therefore, dropping i and f,, while growing 6, and 6,,
can effectively donate to controlling HBV and HDV co-infection.

Figure 4: The graph displays the sensitivity of Ry with effect of different parameters
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In the following section we will present numerical scheme of the model.

9. Numerical Scheme

This unit supports the numerical examination of the epidemic model (1)) with RK4 method and NSFD
system instigated in MATLAB. Various parameters with numerical values are given in Table|[I] the model
consist of various parameters with definite numerical values. As RK4 and NSFD techniques are hired
to simulate the model dynamics, constructing numerical results and graphical outputs that elucidate the
progressive evolution of the sections and important patterns in HBV-HDV transmission. In addition, the
simulations appraised the effects of changing initial conditions and parameter values, providing insights
into the model’s sensitivity and fundamental constancy.

9.1. Runge-Kutta 4th Order Method for the Model

We denote the variables at time ¢, as Sy, Ipn, Ippn, Ty, Ln, Ry, and use step size h. The RK4 steps are
defined as follows.

Step 1: Compute k|

kis = A—P1Sn (IBn + IBDn) — BaSnlgpn — USn,

kizy = B1Sn(Isn + I8Dn) — hBolpnlspn — (Y+ 61 + @ + [+ 11 )Ipn,
ki1g, = B2Sulppn + hB2Inlppn — (62 + p + W+ 12)Ippa,

kir = 611y + 62Ippy — (0 + T+ )Ty,

kip = pIgpn+ T, + ®lg, — (6 + 1)Ly,

kig = YIgn + 0T, + OLy — URy.

Step 2: Compute k;

kos = A — Bi(Sy+ 2kis) (Ign + Lty + Igpn + Sk
— Bo(Sn+ bkrs) (Ispn + Skingy) — 1(Sn+ ki),

kot = B1(Sn+ k1) (Ipn + Sk1ty -+ Ispn + 2kugyy,)
— hBo(Ign + 2k1y) (Ispn + 211y
— (Y4 61+ 0+ + ) (Isn + ki),

katgy = Bo(Sn + 2kis) (Ispn + Sty ) + 1o (Isn + k11,) (Ispn + Bk11y)
— (824 p + 1+ 12) (TIgpn + Skt

kar = 61 (Ip, + %kllg) + 6> (Ippn + %klIBD) —(a+t+u) (T + %klr),

kor = p(Ipn + Sty ) + (T + 2hir) + @Iy + 2kugy)
— (04 1) (Ln+ bkir),

kor = Y(Ign + %kllg) +o(T,+ %le) +o(L,+ %km) —u(R,+ %klR)-
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Step 3: Compute k3

kss = A — Bi(Sn + 2kas) (Ipn + Bkar, + Igpn + Loty )
— Ba(Sn + Lkos) (Ippn + Bkasyyy) — (S + Lhos),
ks, = B (Sn+ 2kas) (Ipn + Skot, + Ispn + Loty
— hBo(Ign + 2kary ) (Ispn + B2ty
— (Y461 + 0+ w4 1) (Ign + 5kas),
k31gp = B2(Sn + Lkas) (Igpn + Loty ) + B2 (Isn + ko) (Ispn + 2karyy)
— (624 P + 1+ 1) (Igpn + Skt ),
kst = 01 (Ign + kot ) + 62 (Ippn + ko) — (00 + T+ 1) (T + Lhor),
ksr = p(Igpn + Skoryp ) + T(Ty + Skor) + ©(Ipy + Bk,
— (04 u)(Ln+5kar),
kag = Y(Ipn + Skory) + (T + Shor) + 0 (L + Skor) — (R + 2hkog).

Step 4: Compute k4

kas = A — B1(Sn + hkss) (Ign + hk3p, + Ippn + hkapy,)
— B2(Sy + hkss) (Ippn + hk3py, ) — 1(Sp + hk3s),

karg, = B1(Sy + hkss) (Ipy + hkag, + Ippn + hkapy,,)
— hBa(In + hk3py ) (Ippn + k3,
—(y+ 61 + o+ 1+ ) (Ipy + hkapy),

katgy, = Ba(Sn + hkss) (Ippn + b3y ) + hBa (Ipn + hkar, ) (Ippn + hka )
— (92 +p+U+ ,u2)(IBDn + hk3IBD)7

kar = 01 (Ipn + hk3r,) + 62 (Igpn + hkspy,, ) — (0t + T+ w)(T,, + hksr),

kar, = p(Ippn + hk3gy,) + T(Ty + hksr ) + @ (Ipn + hk3py)
— (0 + 1) (Ln + hksL),

kap = ’}’(13,1 + /’lk3[B) + (X(Tn + hk3T) + O'(Ln + hk3L) — ,LL(Rn + hk3R).

Final Update Equations

Sp+1 = Sn+ E(kis + 2kas -+ 2kss + kas),
Ig 1 = Ipn + 2 (kgy + 2kop, + 2k, + k),
Igp ps1 = Ippn + L (K + 2Ky, + 2K31, +Karyy),
I =T+ %(le + 2kop + 2kar + kar),
Lys1 = Ly + 2(kip 4 2kor + 23 + kap ),
Ryi1 =Ry + %(kue + 2kog + 2ksg + k4r)-
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9.2. NSFD Scheme Calculation for the Proposed Model Equations

The original system of differential equations is given by:

das
o =A- B1S(Is +1sp) — B2SIpp — 1S,
dlp
— = BiS(Ig+Ipp) — hPolplgp — (Y+ 6 + © + L + ) I,
dlpp
— i = BaSlsp + hBalslpp — (03 +p + p+ 1a) o,
dT
i =011+ 6 Ipp — (OC + T+ ‘LL)T,
L
o= plgp +1T + wlg — (6 + )L,
dR
o Ylp+oT +oL— uR.

Discretization of Time: Let t, = nAr, where At is the time step. We approximate derivatives using forward

differences:
1704 N Xnr1—Xn

dt At
NSFD Scheme

We incorporate a nonstandard denominator for the nonlinear terms to preserve the dynamical properties
of the system. Below is the NSFD formulation for each equation.

Snt1=Sn _ A PiSn(Ip, +18p,)  BoSulpp,
At 1+ AhS, 1+ AhS,

n

_ BiSuUp, +18p,) + B2Sulpp, s )

=S =8, +At | A
n+1 + ( 1+ A4S,

IB}’Hrl B IBn — ﬁl S”l (IBn + IBDn)
At 14+ hS,

B1S.(Is, +Isp,)
1+ AhS,

—hBalp,Igp, — (Y+ 61 + 0+ 1+ )lp,

= IB”Jrl = IB,, + At ( — hﬁZIBnIBD,, — ('}’—|— 0, +w +u +N1)13n) ,

Igp,., —Isp,  B2Sulpp
d - " 4 hPalp, Isp, — ( I
= TS, +hPaolp, Ipp, — (02 +p + 1+ U2)Ipp,

B2Sulsp,

hB>Ip I — (6 1
T hs, +hBolp Ipp, — (2 +p + 1+ 1) BDn)»

= IBD,H_l = IBD,, + At (

T,.1—1T,
%tn =011, +6Ipp, — (@ +7T+ )T,

= Tuy1 =Ty + At (011p, + 62lpp, — (@ + T+ U)T;) .
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Looi—L
ST — plgp, + 1T + 0lp, — (0 + )Ly

At
=L, =L+ At (PIBD,, + 11, + wlg, — (G —l—‘LL)Ln) ,
R —R
% =yl + T, + 6L, — uR,

= Ryy1 =Ry + At (ylp, + 0T, + 0L, — UR,) .

Summary of NSFD Scheme

B1S.(Ig, +1pp,) + B2SnlpD
S =S, +At | A— z 1 = —usS, |,
n+1 + ( 1—|—hSn Hu

B1S.(Ip, +1pp,)
14+ AS,
B2Sulsp,
1+hsS,
Thv1 =Ty + At (611, + 61pp, — (@ + T+ 1)T,),
Ly =L, + At (PIBDn + 11, + wlg, — (G + ‘LL)Ln) ,

Ry+1 =R, +At(ylg, +aT,+ 0L, — URy,).

I, , =Ip, + At ( —hPolp,Ipp, — (Y+ 61+ 0+ 1+ ,UI)IBn) ;

Igp,., = Ipp, + At ( +hPalp,Igp, — (2 +p + 1+ le)IBDn) :

10. Numerical Simulation

The stability analysis of the HBV/HDV co-infection model focuses on both the DFE and the EE.
By varying main epidemiological and clinical parameters in system (IJ), the impact on every class can be
inspected through the reproduction number Ry, which measures the transmission potential of the infection.
As shown in Figure [8a] when Ry < 1, all infection-related classes including HBV-only infected (Ip), co-
infected (Igp), treatment (7'), and liver transplant (L) decline slowly and approach zero. At the same time,
the susceptible class (S) rises and stabilizes at a high level, while the recovered population (R) increases
initially and then slowly decays as the system settles. This conduct reflects the convergence of the model
towards a stable DFE, confirming that the infection cannot continue in the long run when each infected
individual creates less than one secondary case on average.

In contrast, Figure validates the scenario when Ry > 1. In this instance, the infection-linked
compartments rise primarily and then stabilize at positive levels, which signifying the continual presence
of the sickness in the human population. The susceptible class falls from its initial value and then stabilizes
at a lower equilibrium point, however the recovered people rises during the primary phase and then levels
off at a high value. This consideration identifies a stable EE, where the infection exists at controlled,
however non-zero levels even with the execution of treatment and liver transplant interfering. Overall
these judgments shows an important role of the basic reproduction number, Ry, in affecting the long-term
deductions of the disease. The disease-free equilibrium is attained after Ry < 1, establishing the eventual
elimination of HBV/HDV co-infection. Once Ry > 1, the endemic situation is achieved in the population.
Figures [S|expresses the effect of the transmission rate f; on the dynamics of uncountable residents in the
HBYV model, simulated with the RK4 outline. For the susceptible, greater 3 causes an earlier decline and
lead to lower minimum levels, but smaller values approval S(z) to stabilize at relatively higher levels. In
similar, for the Ip(¢) and Igp(t) classes, more values of B result in expanded infection phases, but reduced
values speed up their decay. These explanations stress the crucial importance of tumbling transmission
rates to effectively control both infections.
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In similar way the liver transplant L(z) and treated 7'(¢) drop speedily across all 1 values and stabilize
at very low levels with least difference, which of course indicating narrow sensitivity to variations in the
transmission rate. The recovered residents R(¢) growing initially to a peak and then steadily decreases;
higher B; values lead to more sustained recovery levels, while lesser values product in quicker declines.
In general, it is important to lower fB; for decreasing both infections rates and attaining more satisfactory
results for classes.

In Figure [6] the comparison between RK4 and NSFD displays that the solutions of both methods are
very adjacent and almost overlap for all compartments. The trajectories of classes S(¢), Ig(t), T (), and
L(t) are closely identical, which indicates strong numerical agreement and stability. Only in the recovered
class R(t) a very small change is detected in the transient phase, where the peak values vary slightly,
but both approaches converge to the similar long-term behavior. The results produced with the NSFD
system are consistent with RK4, maintaining the qualitative dynamics of the proposed model. Since initial
conditions for all compartments are So = 300, /By = 80, IBD, = 80, Tp = 70, Ly =70, to = 0, 1t = 500,
At =0.1. The parameter values hired in the numerical simulations, with their sources, are offered in Table.

M

Table 1: Model Parameters, Values, and Sources

Parameters Values Source / Notes
A 4 Assumed
u 0.01 [39]]

Bi. B2 3x107°,3x 107> [39]
h 0.1 Assumed
Y 0.001 [6]
6, 0.01 [15]
(0] 0.001 [24]

Wi, U 0.0001, 0.0001 [3]
6, 0.01 [15]
p 0.01 [24]
a 0.1 [6]
T 0.01 [15]]
c 0.1 [24]

Since the phase portraits in Figures [/| irradiate the dynamic interactions amongst major classes of
the HBV-HDV co-infection model. Figure [7a] reveals the relationship between the (S) and (/) residents,
where § falls as I rises before both touches equilibrium. A correlated improvement is noticed in Figure
between S and the co-infected (Ipp), with co-infections developing as susceptibility drops, supervised by
stabilization. Figure [7c|unveils the connection between S and the liver transplant (L), screening an initial
growth in (L) due to superior infection levels, followed by a reduction as recovery occurs. The opposite
link between S and (R), displayed in Figure[7d] shows that declining susceptibility associates with growing
recovery till equilibrium is accessed. The communication between /g and Ipp in Figure [/e| displays initial
growth in both due to joint transmission tracks, measured by decline by way of infection diminishes.
Figure|/f|calls how the treated residents grows with greater co-infection ranks and later descents, repeating
effective interventions. In conclusion, Figure [/g| highlights the linkage between 7' and L, where superior
treatment shrinks transplant demand, and both compartments become stable over time. Finally, Figure
grants the interaction between L and R, revealing an inverse relationship in which recovery rises as the need
for transplantation declines, representing successful long-term management and the system’s convergence
to a steady state
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(a) The time-varying quantity of susceptible entities (S) (b) The time-varying quantity of HBV infected entities (/)

(c) The time-varying quantity of HBV-HDV Co-infected entities (Igp) (d) The time-varying quantity Treated entities (7')

(e) The time-varying quantity of liver transplanted entities (L) (f) The time-varying quantity of recovered entities (R)

Figure 5: The graphs indicates the effect of various values of parameter § = 0.00001, 0.00002, 0.00003, 0.00004, 0.00005
varying with time on, (a) susceptible entities S. (b) The number of HBV infected entities (Iz). (c) The number of HBV-HDV
Co-infected entities (Igp). (d) The number of Treated entities (7). (e) The number liver transplanted entities (L). (f) The
number of recovered entities (R).
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(a) Comparison of susceptibles S by Rk4 Method and NSFD Method (b) Comparison of HBV infected Iz by Rk4 Method and NSFD Method
(c) Comparison of HBV-HDV infected /pp by Rk4 and NSFD Method (d) Comparison of Treated T by Rk4 Method and NSFD Method

(e) Comparison of Liver Transplanted L by Rk4 Method and NSFD Method (f) Comparison of Recovered R by Rk4 Method and NSFD Method

Figure 6: The graphs indicate the comparison of the specified classes using the RK4 method and the NSFD method over time.
(a) Number of Susceptible entities S. (b) Number of HBV infected entities /z. (¢) Number of HBV-HDV infected entities Ipp.
(d) Number of Treated entities 7. (¢) Number of Liver Transplanted entities L. (f) Number of recovered entities R.

When RK4 and NSFD methods yield similar graphs (as in fig. [6), it can be observed as an ideal
situation, but distinctions exist. While alike graphs from RK4 and NSFD can be realized as an ideal
situation reflecting decent numerical performance, it is important to maintain a critical perspective.
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(a) Susceptible vs HB V-infected individuals (b) Susceptible vs HBV-HDV co-infected individuals

(c) Susceptible vs Liver transplant candidates (d) Susceptible vs Recovered individuals
(e) HBV-infected vs HBV-HDV co-infected individuals (f) HBV-HDV co-infected vs Treated individuals
(g) Treated individuals vs Liver transplant candidates (h) Liver transplant candidates vs Recovered individuals

Figure 7: Phase portraits showing the dynamic relationships between different compartments in the HBV-HDV co-infection
model: (a) S vs Ip; (b) SvsIpp; (¢) SvsL;(d)SvsR;(e)Ilpvslpgp ; () Ipp vs T ;(g) T vs L; (h) L vs R.
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(a) Disease-free equilibrium points by RK4 Method (b) Disease-free equilibrium points by NsFD Method

(c) Endemic equilibrium points

Figure 8: The graphs in (a) and (b) shows the comparison of Disease-free equilibrium points by RK4 method and NSFD method
respectively, while the graph in (c) shows the endemic equilibrium points of model.

11. Conclusion Remarks

In this article, we made and analyzed a deterministic model to explore the transmission propagation
of HBV and HDV co-infection. The model emphases on direct transmission pathways and incorporates
main epidemiological units, containing susceptible individuals, HBV-infected and HBV-HDV co-infected
classes, treated patients, liver transplant recipients, and recovered entities. The basic reproduction number
Ry was derived as a threshold needle of disease propagation. Critical results discovered that the disease-
free equilibrium is locally and globally asymptotically stable after Ry < 1, showing subsequent annihilation,
though an endemic equilibrium survives for Ry > 1, signifying perseverance of infection. Numerical
simulations done in MATLAB set these theoretical findings and revealed the long-term performance of each
compartment under fluctuating Ry values.The obtained results performed a big role of primary treatment
coverage and liver transplantation as a lifesaving choice in disease related deaths. In brief, this script has
developed the need for early cure of infected individuals, their clinical facility, and the healthcare facility
for saving lives through liver transplant. The above-stated model (I]) has been statistically tested with
the help of Runge-Kutta and NSFD schemes, and therefore consistency in these statistical techniques has
validated the stability of the developed model. Since the model (1)) does not yield any result concerning
vaccinations or environmental factors, it provides significant insight into the spreading and control of
HBV-HDV co-infection in the human population without the support of any booster forces. With the
inclusion of various parameters like immune response, older age group, and random events, the model
can be extended, and corrections can be made based on real-world data for better accuracy in humanities.
However, in reality, the findings from the above-discussed model have helped to give ways both theoretically
and practically to tackle problems of coinfections of hepatitis B virus and hepatitis D virus.
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